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a b s t r a c t

The methods of Maximum Entropy have been deployed for some years to address the problem of species
abundance distributions. In this approach, it is important to identify the correct weighting factors, or
priors, to be applied before maximising the entropy function subject to constraints. The forms of such
priors depend not only on the exact problem but can also depend on the way it is set up; priors are
determined by the underlying dynamics of the complex system under consideration. The problem is
one of statistical mechanics and it is the properties of the system that yield the correct MaxEnt priors,
appropriate to the way the problem is framed. Here I calculate, in several different ways, the species
abundance distribution resulting when individuals in a community are born and die independently. In
the usual formulation the prior distribution for the number of species over the number of individuals is
1/n; the problem can be reformulated in terms of the distribution of individuals over species classes, with
a uniform prior. Results are obtained usingmaster equations for the dynamics and separately through the
combinatoric methods of elementary statistical mechanics; the MaxEnt priors then emerge a posteriori.
The first object is to establish the log series species abundance distribution as the outcome of per capita
guild dynamics. The second is to clarify the true nature and origin of priors in the language of MaxEnt.
Finally, I consider how it may come about that the distribution is similar to log series in the event
that filled niches dominate species abundance. For the general ecologist, there are two messages. First,
that species abundance distributions are determined largely by population sorting through fractional
processes (resulting in the 1/n factor) and secondly that useful information is likely to be found only in
departures from the log series. For the MaxEnt practitioner, the message is that the prior with respect to
which the entropy is to be maximised is determined by the nature of the problem and the way in which
it is formulated.

© 2013 Elsevier Inc. All rights reserved.
1. Introduction

A community of individuals from many species, sufficiently
similar so as to constitute a guild, can contain thousands of indi-
viduals and perhaps hundreds of species. Such a community is a
dynamical entity; individuals die and give birth and species can
go extinct (at least locally), immigrate from a wider world or even
(rarely) emerge by speciation. These properties positively invite
the application of the techniques of statistical mechanics with the
object of understanding emergent properties of the complex sys-
tems. The lowest level emergent property is the distribution of a
specified number of individuals over the separate species in the
guild—the species abundance distribution. The general character-
istics of species abundance distributions are that there are few
species represented by a large number of individuals and many
species represented by a small number of individuals. The distri-
butions are neither exponential nor any power law, rather they
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can mostly be categorised by the number of species represented
by n individuals, sn, being distributed in n somewhere between a
log series and a log normal distribution. This property has been ex-
plained within statistical mechanics (known to ecologists as Max-
Ent, but they are not quite the same) rather successfully (Pueyo,
2006; Banavar et al., 2010; Bowler and Kelly, 2010, 2012) as a re-
sult of per capita birth and death rates, but this is not the only ap-
proach that generates this description. (Hubbell’s (2001) neutral
theory is not unrelated, in that birth and death rates are there per
capita and that a guild contains a fixed number of individuals.) The
alternative can loosely be described as resource partitioning, or
stick breaking (MacArthur, 1960; Sugihara, 1980; Tokeshi, 1990,
1996), to which the methods of statistical mechanics can also be
applied. The two approaches are not necessarily exclusive and this
paper is concerned with both—crudely labelled as neutrality ver-
sus niches. There is then the question of what, if anything, we can
learn from species abundance distributions (McGill et al., 2007) if
very general principles underlie their form (my answer is ‘very lit-
tle’; the measure is too coarse grained).
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I start by inviting the reader to travel back in time half a century,
to the paper of MacArthur (1960) and his growth rate equation

ri(t) =
1

Ni(t)
dNi(t)
dt

formally integrated to Eq. (1) of that paper:

lnNi(t) = lnNi(0) +

 t

0
ri(t)dt. (MacArthur equation (1))

In the above equations the abundance of species i is Ni and ri
is the per capita time dependent growth rate of the abundance.
The formal solution, written in this way, suggested two limits
of potential ecological interest. First, if the integral is negligible,
the value of the abundance stays at its initial value. This could
happen if the dynamics were such that for every individual that
dies, a new individual of the same species replaces it. The ecological
interpretation is that each species inhabits and always fills its
own niche. For a natural community, initial values Ni(0) have
nonetheless to be established by natural processes. Secondly, the
integral might be such that over a long period the solution loses all
memory of the initial conditions. For my purposes the suggestion
that the second term on the right hand side of MacArthur equation
(1) dominates and that the per capita (or fractional) growth
rate undergoes a random walk with each time step is the most
interesting. The reason is that if the r undergo random walks
(due to environmental fluctuations, the sense of MacArthur, 1960)
the integral on the right hand side of MacArthur equation (1)
is normally distributed and the abundance is consequently log
normally distributed. (Margalef, 1958 noted this and remarked
that it might be relevant to Preston’s (1948) observations of
approximately log normal species abundance distributions; he did
not encourage his readers to take this too seriously.) A log normal
distribution only results if it is the per capita growth rates (as
opposed to the rates dNi(t)/dt) that execute a random walk; this
seems natural for species where individuals are roughly identical
and die or give rise to a new individual independently. More
generally, I argue that the dominant feature of species abundance
distributions depends on dynamics in which population changes
are fractional—this is the key, but independent per capita birth and
death rates are not the only possibility.

MacArthur suggested that log normal distributions would be
attributable to opportunistic species and that the first term on
the right hand side of MacArthur equation (1) would apply to
a community in some static equilibrium. However, equilibrium
can be dynamic and complex dynamical systems can forget initial
conditions. It might also be that the two pieces on the right hand
side should be thought of as results of processes operating on
different time scales. The second term would operate on a time
scale characteristic of the birth and death rates of individuals and
the initial conditions appropriate to MacArthur equation (1) might
have been set in place by slower processes. The first term might
be associated with some fairly well defined niche and that niche
could have a capacity that also varies with time, but on a much
longer timescale.

In the next section I apply statistical mechanics to the case
where the species abundance distribution is dominated by the
effects of the birth and death of individuals. For this to be true,
either there is no niche structure of any significance or the effects
of niches must average out in the species abundance distribution
(Pueyo et al., 2007; Bowler and Kelly, 2010, 2012). This suggests
that niches must be flexible, changing perhaps on a time scale
similar to that of the individuals that inhabit them. If birth and
death rates are per capita (cf. MacArthur equation (1) above),
statistical mechanics yields an underlying structure for species
abundance distributions that is log series. This was demonstrated
in Bowler and Kelly (2010, 2012) (see also Kendall, 1948a,b, Volkov
et al., 2003, Pueyo, 2006, Banavar et al., 2010); here I obtain
those same results by a variety of different methods. I hope that
this will remove any lingering doubts about statistical mechanics
yielding, in this context, log series, and also prove enlightening on
the somewhat vexed question of priors. This investigation of how
to construct the correct function for maximisation also justifies
a fundamental assumption in Harte’s MaxEnt Theory of Ecology
(Harte, 2011). In Section 3, I consider how rigid niches might be
treated and what could go wrong with the birth and death rate
argument. The biological principle underlying species abundance
distributions, that they are largely determined by fractional sorting
processes, is discussed in the final section.

2. Dynamics dominated by individual birth and death

2.1. Statistical mechanics and priors

In this section I apply the methods of statistical physics
to establish, in a number of different ways, that the species
abundance distributions of ecological guilds inwhich the dynamics
is dominated by per capita birth and death rates are to a first
approximation log series. It is otherwise technical and as such
unlikely to be of much interest to the general ecologist. Section 2.4
through 2.6 are, as far as I know, new applications of the ideas of
themicrocanonical ensemble. Nonetheless it is intended to be both
pedagogical and polemical, being concerned with the correct ways
to approach the problem of relative species abundance through
the techniques of statistical mechanics. That part of the physical
sciences deals with very real entities (like atoms) and constraints
(like conservation of energy) and while the techniques have much
in common with those of maximum entropy (MaxEnt) as used
in information theory, statistical mechanics is not just MaxEnt. It
seems unfortunate that ecologists have mostly encountered these
techniques through probability, Bayesian analysis and information
theory, because the correct formulation is not always recognisable
as maximisation of the Shannon entropy (see 2.6). In addition,
the role of the (information theoretic) prior can all too easily
seem arbitrary or mysterious—much effort has been dissipated on
theological debate concerning the true nature of the maximally
uninformative prior. In statistical mechanics, analogues of priors
have always a straightforward interpretation and are determined
by physics or, here, biology. A complex system (be it a box full
of gas or a forest full of trees) has a large number of accessible
states which have the same gross properties; themoremicrostates
available themore probable it is to find those gross properties. The
correct way to calculate the most probable configuration depends
on the properties of the complex system and that dependence
translates into the appropriate prior if the problem is phrased in
terms of MaxEnt.

In this section the underlying biological principle is taken
to be that species move from one abundance class to another
as a result of individuals dying and giving rise to new mature
individuals independently (per capita birth and death rates). I
formulate the problem in two ways; first by considering the most
probable arrangement of species in abundance classes directly (as
the problem is usually formulated using MaxEnt) and secondly
by considering the distribution of the number of individuals over
classes defined by all species with n individuals. In the first case a
non-uniform prior is required; in the second the prior is uniform,
yet the problem is the same. Both approaches are addressed
through dynamical equations (the master equation approach of
Volkov et al., 2003, 2005) and separately through the combinatoric
methods of elementary statistical mechanics. I explicitly assume
that, for calculating species abundance distributions, species
in a guild can be treated on average as having the same
properties; differences average out. The ecological significance of
this extremely important aspect has been discussed at length in
Pueyo et al. (2007) and Bowler and Kelly (2012).
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2.2. Distributing species over population classes

We suppose that we have a set of species such that there are sn
species each containing n individuals. The community has a fixed
number of species S and a fixed number of individuals N , thus
providing constraints to which the sn are subject as they fluctuate
in response to the birth and death of individuals:

n

sn = S (1a)
n

nsn = N. (1b)

In the usual approach it is supposed that before applying
these constraints there exists an a priori probability for each
species to have a population n, Pπ (n). The probability of finding
n1 individuals in species 1, n2 in species 2 and so on is
then proportional to the continued product ΠPπ (ni), every
species being counted individually. If instead of counting species
individually we count the number in the class with population n,
a particular choice of sn species with population n contributes a
factor [Pπ (n)]sn . There are many ways of picking a specified set of
all species {sn} from a grand total S and the total number of ways is
calculated simply in combinatorics (the multinomial coefficient).
The weight of a specified set {sn} is thus given by

W =
S!Π[Pπ (n)]sn

Πsn!
. (2)

In (2) above, the continued product on the bottom line is of
the numbers sn! over all populations n and similarly the continued
product on the top line is of the numbers [Pπ (n)]sn .

Themost probable configuration is found bymaximisingW (sn)
with respect to all sn. It is convenient to maximise the logarithm
of W and the constraints (1) are incorporated using the method
of undetermined multipliers. Thus the function of each sn to be
maximised is

− ln(sn!) + sn ln Pπ (n) + µsn + λnsn (3a)

where the constraints are introduced through the multipliers λ
and µ.

On applying the familiar Stirling approximation this becomes

− sn ln sn + sn + sn ln Pπ (n) + µsn + λnsn. (3b)

Eq. (2) was composed using combinatorics and the underlying
supposition is that the most probable complexion is that with
the greatest number of equivalent states, with the possibility of
a weight factor. If we rephrase (3b) in terms of the probability
of encountering sn, P(n) = sn/S, the equivalent function to be
maximised with respect to all P(n) is

−P(n) ln P(n) + P(n) + P(n) ln Pπ (n) + µP(n) + λnP(n).
The sum over all n of the first two terms is the information

theory entropy (Jaynes, 2003, p. 350 ff) to be maximised relative
to Pπ (n) (third term) subject to constraints (the last two terms).
HenceMaxEnt forMaximising (information theory) Entropy. These
two formulations are identical; compare Pueyo et al. (2007). How-
ever, starting from combinatorics as with Eq. (2) it is clear that
the weight factor Pπ (n) must depend on the problem in question
and be determined by physical or biological considerations. In ap-
proaching the problem from information theory, the information
theoretic prior Pπ (n) comes in through Bayes’ theorem and drags
with it associations likely to be misleading.

Differentiating (3b) with respect to sn and equating to zero, the
solution is

sn(n) = Pπ (n) exp(µ + λn). (4)

The multipliers µ and λ are determined from the constraints
(1); λ must be negative for an exponential distribution decaying
with n. If there are no constraints applied, then µ and λ are
zero and then sn(n) = Pπ (n); the solution prior to application
of constraints. (Maximising (3) is equivalent to maximising the
entropy in information theory relative to a prior Pπ .)

In real problems of the distribution of real objects over some
quantity of interest, the weighting factor here denoted by Pπ is
determined by the nature of the problem and on how it is framed.
In the statistical mechanics of gases, it is desired to calculate
the distribution of atoms over accessible energy states, subject to
the constraints of conservation of number and of conservation of
energy. The dynamics of atomic collisions are such that all states
with a unique set of quantum numbers are equally weighted a
priori. Atoms are distributed over these unique states according to
energy and the prior probability is uniform. However, if instead
of asking how many atoms are to be found in a unique quantum
state of energy E we were to ask how many atoms have energy
E, the weight (or prior) would be the number of unique quantum
states having that single energy E. In application of these notions
to the problem of relative species abundance, the question is how
the biological nature of the problem biases the number of species
with occupation number n prior to the application of constraints
on the total number of species and the total number of individuals
in the guild. The biological processes of birth and death can affect
profoundly the chance of finding a particular species in the class
labelled by n, if birth and death rates are (at least approximately)
per capita. Thus a species with at one moment n individuals will
move into the class with n− 1 individuals at a rate proportional to
n; in any small interval of time all individuals have the same chance
of dying and so themore there are the faster a species loses a single
one. The same argument applies to individuals giving birth. Simply
considering that birth and death rates are per capita suggests that
for this problem of species abundance the appropriate weighting
factor (or prior) is Pπ (n) = 1/n, but verbal arguments cannot be
trusted until the numberswork out. Oneway is through themaster
equation of Volkov et al. (2003, 2005), in which birth and death
rates appear explicitly.

2.3. The master equation for species abundance

The gain or loss of one individual in one species in the class
of n individuals in each species reduces the number of species in
that class, sn, by one. In the class there are nsn individuals each
with birth and death rates b, d. The rate at which sn is depleted
is therefore (b + d)nsn. The number of species sn is augmented by
a death in class n+1 or by a birth in class n−1. The rate of change
of sn is therefore given by

dsn
dt

= −(b + d)nsn + b(n − 1)sn−1 + d(n + 1)sn+1. (5)

For the equilibrium solution of this set of equations the right
hand side of (5) is zero and it follows that

sn+1 =
b
d

n
n + 1

sn;

iterating this equation we have

sn = s0
1
n


b
d

n

where s0 is a normalisation constant. The second term on the right
is an exponential in n; thus the master equation with per capita
birth and death rates gives the solution (4) with Pπ (n) = 1/n.
This is the log series distribution and it is a good approximation to
species abundance distributions found in nature, departures occur-
ring at the rare species end. Thus the necessary prior in a MaxEnt
treatment of species abundance distributions can be understood in
terms of the biological processes of birth and death.
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So far the discussion has differed little from that to be found
in Bowler and Kelly (2012); the material above is included for
comparison with a different approach, in which individuals are
distributed over species classes.

2.4. Distributing individuals over species classes

Rather than distribute numbers of species sn over classes of
occupancy, suppose instead we distribute individuals over classes
labelled by n, but such that all individuals that are members
of the species in class n are members of the new classes. The
numbers of individuals in the new classes are Hn = nsn. If the
distribution of sn is log series, the distribution of Hn is exponential.
If the prior distribution for sn is 1/n, then the prior for Hn is
uniform. The details of a complete treatment are less obvious but
are illuminating; we start byworking out amaster equation for the
quantities Hn, the total number of individuals that are members of
a species with population n. Each individual can die or give rise to
a new individual. Either event removes its species from the class
n and thereby reduces Hn by n individuals. The death of a single
individual in class n + 1 adds a species to class n and hence adds
n individuals to Hn. A birth in class n − 1 similarly augments the
population Hn by n individuals. Hn changes in units of n as species
drop in or out of this class—this will be relevant when we consider
combinatorics later. Thus we have the master equation

dHn

dt
= −n(b + d)Hn + nbHn−1 + ndHn+1. (6)

(Eq. (6) can also be obtained by multiplying (5) by n and making
the general replacement msm → Hm, but the above derivation is
useful.)

The equilibrium solution of (6) is

Hn+1 =
b
d
Hn;

iterating this we find Hn = H0
 b
d

n
, where H0 is a normalisation

constant. The master equation approach to relative species
abundance (for per capita birth and death rates) yields an
exponential distribution and hence a uniform prior for Hn.

The relevant priors are obtained from the master equations by
setting b equal to d. The paper of Pueyo et al. (2007) made no
appeal to these dynamical equations (but see Pueyo, 2006); it was
postulated that the correct prior be obtained by requiring (spatial)
scale invariance of the prior distribution. This was implemented
through the minimal step of changing volume so as to remove
an arbitrary single individual; invariance under this operation in
fact yields the content of (5) for b equal to d; that is, a prior for
sn of 1/n (Bowler and Kelly, 2012). The same invariance principle
yields equations equivalent to (6) for Hn; that is, a uniform prior.
Regardless of whether the underlying fundamental principle is
scale invariance or per capita rates, priors depend on how the
problem is formulated, but the solution to the species abundance
problem does not.

2.5. Combinatorics for individuals

As in Section 2.4 above, rather than sorting species into
classes defined by the number of individuals in a species, sort
the individuals in the community into classes defined by the
number of individuals in a species. From the master equation,
we expect the distribution of Hn to be exponential and it might
be expected that a straightforward application of the most
elementary microcanonical treatment in statistical mechanics, or
equivalently maximising the information theory entropy, would
yield this result. In fact, a simple application of MaxEnt is not
applicable to this formulation and the problem is much more
interesting and revealing. Using combinatorics (equivalent here
to MaxEnt) there is a very well known way of generating an
exponential distribution. It is not applicable to the real problem of
species abundance distributions governed by per capita birth and
death rates, but it is instructive to analyse this treatment in detail,
showing why it does not apply here.

We first suppose we have N individuals and sort them into
classes such that class 1 contains N1 individuals, class 2 N2 and so
on. The first step is to calculate the number of ways of distribut-
ing N to achieve a particular set of Ni. When filling class 1 with N1
individuals, there are N ways of choosing the first, N − 1 ways of
choosing the second . . . toN−N1+1ways of choosing the last. The
total number of ways is conveniently represented by the ratio of
two factorial functions, N!/(N − N1)!. We then calculate the num-
ber of ways of choosingN2 individuals out of the remainingN−N1,
which is (N − N1)!/(N − N1 − N2)! Continuing this process until
we run out of options and multiplying the successive factors, the
number of ways of achieving a particular set N1,N2, . . . is simply
N! and does not depend on the occupation numbers of the individ-
ual classes. However, if the order in which the N1 individuals are
chosen is of no significance, N! is a gross overestimate of the num-
ber of significantly different ways of achieving our given set. The
number of ways of ordering N1 objects is simply N1! and if all are
equivalent the number of significantly different ways of choosing
N1,N2, . . . is the multinomial coefficient

M =
N!

N1!N2! . . .
=

N!

ΠNi!
(7)

where the continued product is taken over the index i.
If the probability of finding this configuration depends on

this number of different ways of achieving it, the most probable
or equilibrium configuration is found by maximising M with
respect to all Ni, subject to constraints. In practice the logarithm
is maximised, so we find the extremum of

−


i

ln(Ni!) ∼= −


i

(Ni lnNi − Ni). (8)

Maximising this function can be equivalent to maximising
the Shannon entropy—MaxEnt (Section 2.2). If Ni is a function
of ni, constraints on


i Ni and on


i niNi are incorporated by

maximising

−Ni lnNi + Ni + µNi + λniNi.

The result is an exponential

Ni = exp(µ + λni). (9)

This invites identification of theHn with theNi above, in order to
achieve an exponential distribution. However, there are two things
wrong with such an application of this result, and they are related.
First, we have taken no account of the species structure within the
Hn; in obtaining (7), Ni could have been the number of dried peas
in the ith urn. Secondly, one of the constraints above on Ni, leading
to (9), does not apply to Hn. The constraint on the total number of
individuals


n nsn =


n Hn is correct, but the other constraint

is on the total number of species;


n sn =


n Hn/n. There is no
constraint on the first moment


n nHn. If

−Hn lnHn + Hn + µ
Hn

n
+ λHn

is maximised with respect to Hn, the result is

Hn = exp
µ

n
+ λ


and this cannot even be normalised. The combinatorics leading to
(9) are formulated in a way inconsistent with the nature of the
problem and the constraint on the number of species.
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The mistake was that the number of biologically equivalent
ways of ordering the number of individuals Hn is not, in this
problem, Hn!. Suppose n is equal to 2; the total number of
individuals in species with two members is H2. As soon as we
choose one individual from among H2 we have also chosen a
second individual which is in the same species as our first choice.
There areH2 ways of choosing the first individual; the twodifferent
orderings of the two individuals in the pair are included in the
H2 choices. After this choice there are H2 − 2 individuals left
from which to select the next. This choice also entails another
individual—we are selecting in pairs because of the structure of the
class of all individuals in species with n = 2members. The number
of equivalent ways of ordering the H2 individuals in this class is
thus H2(H2 −2)(H2 −4) . . . . (These notions are not quite standard
microcanonical statistical mechanics. It may help some readers to
consider, say, three individuals in the H3 class as linked by a string.
The linkage represents the structure of the class; pulling on any
one of the three removes them all and there are three choices, thus
three ‘orderings’.)

In the same way, the number of biologically equivalent ways
of ordering the number Hn is not Hn!; rather we have to make the
replacement

Hn! ⇒ Hn(Hn − n)(Hn − 2n) . . . = Hn!
(n). (10)

The factorial has been replaced by the multifactorial Hn!
(n).

Thus the maximum number of significant ways of achieving a
given configuration, subject to the constraints on the number of
individuals and the number of species, is obtained by maximising

− ln(Hn!
(n)) + µ

Hn

n
+ λHn

and this does not look like maximising the Shannon entropy,
subject to constraints.

The following identity holds for the multifactorial (it is easily
demonstrated by extracting n from each factor in (10))

Hn!
(n)

=


Hn

n


!n

Hn
n . (11)

(The right hand side of (11) is just the expression sn!nsn

encountered in (2) with a prior (for sn) of 1/n. The substitution (10)
has, in this alternative formulation, done the job of the prior in (2).)

We now have to maximise

−


Hn

n
ln

Hn

n
−

Hn

n


−

Hn

n
ln n + µ

Hn

n
+ λHn

(where we have used the Stirling approximation). Differentiating
with respect to Hn, equating to zero and multiplying through by n
we have that

lnHn = µ + λn (12)

so that the distribution of Hn is exponential in n and if no
constraints were applied the distribution would be uniform. The
appropriate prior for Hn = nsn is uniform.

The number of ways of ordering equivalently theHn individuals
is also the number of equivalent ways of extracting them all
from the class defined by n. The extraction goes in groups of n.
The change in the number Hn as a result of birth or death of
single individuals, as expressed in the master equation (6), also
occurred in groups of n, as species left or entered class n. The
same underlying principles govern both the master equation and
combinatoric approaches to the problem framed in terms of Hn.

2.6. Individuals and the species abundance distribution directly

In Section 2.5 N individuals were sorted into classes containing
all individuals that are members of species with n individuals.
Instead, sort the N individuals into bins defined by species, so
that ni is the population of species i. The nature of the problem
is now expressed in the number of equivalent orderings of the ni
individuals in species i. This is a question inherently different from
asking how many equivalent orderings there are of ni atoms in a
quantum state of energy Ei, where the class is defined by Ei and the
physics is the extraction of ni as a function of Ei. There, the number
of different equivalent ways of emptying class i is certainly ni!. In
the species abundance problem the number of species sn in class
n, each having n members, is reduced by 1 on the removal from
species i of any one of its n members, ni being equal to n if species
i is a member of species class n. Thus for the species abundance
distribution, the number of equivalent ways of removing the ni
individuals from species i is given by ni and not by ni!; this is
equivalent to the replacement (10) encountered in the previous
section. For the case of a single speciesHn = n and so (10) becomes
n! ⇒ n!(n) = n. Again, the number of equivalent orderings
is defined by the structure of the problem. Thus the number of
significantly different configurations {ni} is given by

N!

Πni
. (13)

There are two aspects to these combinatorics. The first is
that from the definition of the classes removal of one individual
removes all. The second is that any of the individuals can be picked
with equal probability—per capita rates.

It should be noted here that (13) is valid if all individuals within
a species are equivalent. If this were not a valid approximation and
each individual is distinct in some important way, there would not
be ni equivalent ways of removing ni individuals from the class;
eachway (or ordering) would be unique andwere that the case the
denominator of (13) would be replaced by unity. This individual
equivalence is of course implicit in the earlier Sections 2.3–2.5. We
shall encounter a case where individual differences are important
in species abundance distributions in Section 2.7; a different
application is Kelly et al. (2011).

The species abundance distribution gives the number of species
with population n and is not concerned with the populations
ni of specific species i. There are sn species with n members,
so transforming (13) from classifying species by taxonomy to
classifying species in terms of their numbers of individuals, the
combinatoric (13) becomes

N!

Πnsn
. (13a)

In this investigation of species abundance distributions, which
species have population n is immaterial. The combinatoric (13a)
was obtained from a specific assignment of populations to species
and so the number of ways of achieving a set {sn} is obtained by
adding together all possible versions of (13a); that is, multiplying
by the number of ways of obtaining a particular set of numbers
{sn} from a total number of species S. This is given correctly by the
multinomial coefficient

S!
s1!s2! . . .

=
S!

Πsn!
.

Thus themost probable configuration for the species abundance
distribution is obtained by maximising with respect to sn, subject
to constraints, the function

W =
S!

Πsn!nsn

and this is just Eq. (2) with a prior of 1/n. Thus the combinatoric
approach to the distribution of individuals over species, properly
implemented, generates a posteriori the 1/n prior for the distribu-
tion sn. The removal of any one of the n individuals in a member
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of species class n removes that species and there are n equivalent
ways of doing it—as in themaster equation (5). This treatment em-
bodies the same biology as the master equation, but the MaxEnt
prior emerges from the combinatoric treatment, rather than re-
quiring a transplant from the master equation. It might seem that
this treatment is so general that nothing more needs to be said,
but this is not completely true. This approach through statistical
mechanics (or maximum entropy) calculates that distribution cor-
responding to the maximum number of ways of achieving it and
this is not necessarily the right distribution. It is likely to be right
if a dynamical system is continually exploring all configurations,
but there is a sense in which log series species abundance distribu-
tions could be circumvented by niche structures. This is discussed
in Section 3.

2.7. Relevance to Harte’s METE

The discussion in 2.6 above is relevant to an important
assumption in Harte’s model, called by him the Maximum
Entropy Theory of Ecology (Harte, 2011). He applies the MaxEnt
formalism to produce a probability distribution that yields not
only the species abundance distribution but also deals with
the distribution of metabolic rate—the distribution of power
consumed. He defines what he calls the ecological structure
function R(n, ε). This is the joint probability that a species
selected from the community has population n and the probability
density that an individual selected from the population of that
species has power consumption ε. The form of this function is
obtained by maximising −


n


R(n, ε) ln R(n, ε)dε subject to

constraints. The first is a normalisation condition, the second a
constraint on the number of individuals in the whole guild. These
are just the constraints usually applied in obtaining a species
abundance distribution this way. The third is a constraint on the
power consumption of the whole guild. These constraints are
implemented in the usual way, using Lagrangemultipliers, and the
form of the function that emerges is

R(n, ε) ∝ exp(λ1n + λ2nε)

normalised by summing over n and integrating over ε. If the
dependence on ε is integrated out, the species abundance
distribution results and is given by

R(n) ∝ exp(λ1n)/n

that is, a log series distribution. In the above equations the
parameters λ1, λ2 are Lagrange multipliers, the values of which
are determined by the constraints. The assumedMaxEnt prior was
chosen to be uniform and no constraint was applied that would
introduce an exponential in ε alone. (Had such a constraint been
applied, the denominator of the species abundance distribution
would have been rather n + c , of interest because with this
modification to the log series the function can be very close to a
log normal Volkov et al., 2005.)

In the light of Section 2.6, it is natural to ask whether in fact
a prior of form 1/n should have been applied in maximising the
MaxEnt function inMETE; if so, the species abundance distribution
would be an exponential divided by n2. Harte states explicitly that
‘‘On the grounds of lacking a reason to do otherwise, we invoke
no non-uniform prior distribution’’ (Harte, 2011, p. 143). There
is in fact no conflict between the absence of a 1/n prior in the
maximisation of Harte’s entropy function and our results, for we
can apply the treatment of Section 2.6 to Harte’s model and find
(a posteriori) a uniform prior. In 2.6 above, we were sorting N
individuals into species so that species 1 contained N1 individuals
and so on. The total number of ways of ordering N is just N!

and the number of equivalent ways of removing a species with
n individuals was n (despite the fact that the number of ways of
ordering n objects is n!). Once any one individual has been removed
the species is removed and along with it the other individuals. This
is the origin of the MaxEnt 1/n prior in Section 2.6.

In Harte’smodel, the individuals in a species are not equivalent;
they are distinguished by their metabolic rates ε. In terms of
Section 2.6, individuals are sorted according not only to species
but also according to metabolic rate. There is just one way of
removing an individual, having metabolic rate ε, from a species
with n members, not n ways. Thus the prior emerging for Harte’s
ecological structure function, applying the reasoning of Section 2.6,
is the number 1 (or more generally, uniform). Another way of
seeing this result is to construct amaster equation for the functions
R(n, ε), along the lines of Section 2.3 or as formulated by Volkov
et al. (2003). The rate atwhich the probability R(n, ε) is depleted by
(for example) individual death is simply given by the rate at which
an individual in n with metabolic rate ε dies, a term d(ε)R(n, ε).
If it is assumed with Harte that ε enters the ecological structure
function only in the product nε, then the master equation so
constructed yields just Harte’s function. Thus thinking in terms
of the machinery underlying the ecological structure function has
removed an uncertainty in the appropriate form and, I suggest,
provided the reason Harte’s choice was appropriate. In Harte’s
model, again the MaxEnt prior results and again the species
abundance distribution is log series.

The content of this Section 2 is indeed mostly technical. It
reinforces the conclusion that where individual per capita birth
and death rates dominate community dynamics, the species
abundance distribution will be approximately log series. In
Section 3 I consider the opposite extreme, where distribution of
niche space is dominant.

3. The roles of niches, specific and flexible

3.1. Niches and broken sticks

The previous section demonstrated in various ways that if the
dynamics of a community (I think of forests for historical reasons)
are dominated by the (uncorrelated) birth and death of individuals,
then to a first approximation species abundance distributions will
be log series. It is not necessarily the case that an important role for
individual rates conflicts with niche structure; a vivid discussion
can be found in the first paragraph of the section ‘Random
assortment model’ in Tokeshi (1990) and Bowler and Kelly (2012)
argued that such niche structure would need to be flexible enough
for per capita birth and death rates to work. This is not quite
the way in which the resource partitioning approach to species
abundance distributions has been envisaged. MacArthur (1960)
devised his ‘broken stick’ model to deal with species with non-
overlapping niches and the underlying idea (MacArthur, 1957) is
that the stick represents some general resource partitioned among
species. The lengths of the pieces of the broken stick give the
resource available to the corresponding species and hence the
numbers of individuals representing species. This basic idea also
underlies the developments of Sugihara (1980) and Tokeshi (1990).
The units of resource generated by breaking of the stick (sequential
in the last two treatments) are regarded as being fixed in time and
the niches thereby defined are envisaged as full and staying full. It
seems implicit in models of resource or niche apportionment that
an individual, on dying, is immediately replaced by another of the
same species, in contrast to the picture of Section 2. The species
abundance distribution would be controlled by distribution of
specific resources, perhaps asmodelled inMacArthur (1957, 1960),
Sugihara (1980) and Tokeshi (1990, 1996). The sequential niche
apportioning models seem far removed from biological machinery
and could be regarded merely as algorithms for implementing
the random walk of MacArthur equation (1), but they have the
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attractive feature that the trees generated by sequential stick
breaking look just like ecological dendrograms on the one hand
(Sugihara et al., 2003) and phylogenetic trees on the other.
Speciation would correspond to further sequential breaks, but
extinction seems not to have been considered.

There is no question but that fairly rigid niches do exist and
define rather different biomes. They are distinguished not just by
the biota they contain, but also by significant abiotic differences,
such as aridity or elevation or geography. Forest merges into
savanna which merges into desert; on a smaller scale cactus gives
way to oak which gives way to pine when ascending a sky island.
Rainfall distinguishes the tropical dry forest on the Pacific coast of
Mexico frommoist forest on the Caribbean—they have few species
of trees in common. Even such super-niches vary, on the timescale
of thousands of years, and ecological guilds fit into super-niches.
Niche structure within an ecological guild will be on a smaller
geographic scale and will probably be less clearly distinguished by
abiotic differences. It seems implausible that niches within guilds
are rigid; they are likely to be affected by biotic factors and vary
on a shorter timescale than super-niches. Thus niche structure in
highly speciose communities (such as tropical forests where very
many species can be found to some extent interdigitated) cannot
be expected to correspond to niches both rigid and full.

Suppose, however, that groups of species or even individual
species really do have strictly defined niches with fixed limits on
capacity. To what extent would the results of assuming dominance
by per capita birth and death rates of individuals be affected?
First, no species could exceed the capacity of its niche, which
would make the largest abundances not merely very unlikely but
impossible. If the per capita birth and death rates were close,
births and deaths uncorrelated, the individual niches would have
populations drifting according to themaster equation (5), up to the
niche capacity, and the 1/n log series would be approximated. This
is essentially the case studied by Chisholm and Pacala (2010). The
results are potentially different if the (forest) dynamics are such
that these niches are full all the time. Then the species abundance
distribution becomes the distribution of niche space and individual
birth and death rates become irrelevant, because death and birth
are so tightly correlated that the master equation (which assumes
no correlations between the individual steps) has no validity. It
is also possible to modify birth and death rates in the master
equation to concentrate the population close to the niche limit;
similarly, if there is a strict upper limit N on the capacity of a
niche, the log series obtained from the micro-canonical ensemble
can concentrate very close to N if the λ parameter in (4) is large
and positive. The species abundance distribution would then be
dominated by the distribution of niche capacities; the highly N-
skewed log series within the niches would be details subsumed in
the overall picture. It suffices to consider the extreme case: every
individual that dies instantly replaced by a new individual. If niches
stay full, the question is how to determine the distribution of niche
space, or niche apportionment.

Return to MacArthur (1960). He commences discussion of
the first term in MacArthur equation (1) by supposing a fixed
number of individuals and a fixed number of species and below
his Eq. (3) refers to ‘niches non-overlapping’. He envisages the
numbers of individuals controlled by the niche space available
for the appropriate species, and his famous ‘broken stick’ model
contains the assumption that resource is partitioned and allocated
at random to a fixed number of species. This is not a dynamic
model, but the most probable distribution is given by the methods
of the microcanonical ensemble (as in Section 2 of this paper) with
a uniform ‘prior’. The result is an exponential distribution of the
number of species with the number of individuals. It is a simple
way of implementing the assumed constraints of a fixed number
of species and a fixed number of individuals, but does not seem
to have had any deeper ecological reasoning behind it and it does
not work very well for real communities; they have distributions
somewhere between a log series and a log normal. This could result
if niche apportionment was dominated by a term like the second
in MacArthur equation (1) rather than the first, albeit on a much
longer timescale than for individuals.

Bulmer (1974) pointed out that log normal distributions result
from breaking MacArthur’s stick sequentially, provided that the
law of breakage is independent of the size of the piece to be broken,
a form of scale invariance. At each step an extant piece is divided
into two fractions according to the same splitting function and the
probability of a piece being selected for splitting is independent
of its length. He suggested that the corresponding hierarchical
classification could correspond to the phylogenetic tree of a group
of species or to their ecological dendrogram. Sugihara (1980)
devised breaking rules successful in generating the canonical log
normal of Preston (1962), and Tokeshi (1990, 1996) pointed out
that MacArthur’s original model can be reformulated as sequential
(but not scale invariant) breaking and investigated this and other
variants. In fact, the distribution generated by scale invariant
sequential breaking is left skewed log normal, because stick
breaking imposes an upper limit but no lower limit on fragment
size (Nee et al., 1991). The standard deviation and skewness
parameters depend on the rules for splitting (fractionally) the
pieces of stick at each step. The end product of sequential stick
breaking thus corresponds to dominance of the random walk
on the right hand side of MacArthur equation (1), discussed in
Section 1, interpreted in terms of niche space. Stick fragments
do not recombine and well defined niches are not going to
maintain a fixed capacity; the sequentially broken stick must
represent some suitable average over more complex behaviour.
In both approaches the essential feature is random fractional
variations and is not directly linked to any fundamental biological
principle. Attempts to devise precise recipes for breaking the
stick with a view to fitting various different species abundance
distributions are purely heuristic; there seems to have been no
biological machinery underlying such rules proposed. (There is a
charming fable illustrating howmultiple processesmight generate
an ecological dendrogram in a community of forest dwelling
birds, to be found in Sugihara et al., 2003.) If niches are both
filled and rigid, any not implausible hierarchical structure is likely
to result in something between log series and log normal; in
terms of fundamental biology there has not been much advance
since the sequential fractional partitioning of Bulmer (1974).
However, resource distributions might be determined through a
mechanismmore obviously related to MacArthur equation (1) and
not conceived in terms of sequential stick breaking; the niches
would be filled but not rigid, varying in capacity with varying
environmental conditions.

3.2. A niche mechanism for scale invariance?

Suppose that niche spaces are continuous variables and vary
with characteristic times that may be longer than for the birth and
death of individuals. On the crudest scale niche capacity is likely
to vary through such abiotic mechanisms as changes in long term
aridity ormean temperature or prevailingwinds. It might be that if
a large niche space is so affected the change of niche space is large
and if a small space is affected, small; that is, effects are fractional
as in MacArthur equation (1), scale invariant in the sense of Pueyo
et al. (2007). This is also a model for populations determined
by multiplicative processes. If the growth rate equation for a
niche space ξ were of the form of MacArthur equation (1),
with ln ξ dominated by a random walk, then the distribution of
specific resources would be roughly log normal. In terms of a
MaxEnt treatment of niche space, imposition of scale invariance
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on the prior, as implemented by Pueyo et al. (2007), results in a
distribution of form 1/ξ . The change in probability Ψ (ξ) for any
change in the resource allocation ξ is proportional to ξ ; this is
equivalent to per capita birth and death rates for individuals and
yields the same results, even though the niches are always full.

It is easier to accept scale invariance, as a principle, when
dealing with niche space or resource availability than when
dealingwith numbers of individuals directly. The notion that niche
space responds to environmental conditions in a scale invariant
way is entirely speculative, but it does suggest a mechanism
for the scale invariance of Pueyo et al. (2007), there justified
by supposing a heterogeneously uninformative prior. If such a
mechanism governed filled niches, then scale invariance would be
the underlying principle. For flexible niches, that scale invariance
is an outcome of per capita birth and death rates (Bowler and Kelly,
2012). However it may be, these different mechanisms illustrate
another curious feature to do with priors.

3.3. A polemic on minimally informative priors

If the problem of applying statistical mechanics to species
abundance distributions is approached by first working with
discrete, integer numbers of species and individuals, as in Pueyo
et al. (2007) and Eq. (2), the least informative prior in the sense of
MaxEnt is uniform, according to Jaynes (2003, p. 373). Pueyo et al.
(2007) adopted the 1/n prior from scale invariance (arguing for a
minimally informative prior and hence no information on scale) and
made an analogy with the Jeffreys prior for a continuous variable
x, 1/x. For the continuous niche space variable ξ , exhibiting
scaling as discussed above, the prior 1/ξ can be held to be
minimally informative, Jaynes (2003). There is no obvious reason
why the prior appropriate to a particular real problem should
contain ‘minimum information’, but here apparently two different
approaches to the problem of species abundance distributions
yield two different ‘minimally informative’ priors for the same
problem, depending on whether the discrete integer character of
numbers of individuals is put in a priori or imposed a posteriori.

There is a real difficulty here if the notion of ‘minimally
informative’ priors is to be taken seriously. If the biology of per
capita rates is used to determine priors, then the uniform prior is
appropriate to a formulation in terms of the discrete distribution
Hn, yet if the species abundance distribution is expressed in
terms of the discrete distribution sn then the prior of Eq. (2) is
1/n. The uniform prior is supposedly the least informative for a
discrete distribution, but here two different priors describe the
same problem and only one is ‘minimally informative’. The theory
developed in Pueyo et al. (2007) rather postulates that the prior
should contain no information on the (geographical) scale of the
species abundance and hence that the prior should be invariant
under changes of scale. This single application of a precisely
defined principle of ‘minimal information’ yields both the uniform
MaxEnt prior for Hn and the 1/n prior for sn, Eq. (2).

The moral is that any real problem must be thought through.
In applying statistical mechanics by maximising (subject to con-
straints) a weight function, the correct weight function for the
problem must be worked out. If there is not enough information
about the nature of the problem to determine the prior unambigu-
ously, any assumed MaxEnt prior is a guess. A prior that is said to
beminimally informative is not especially likely to be a good guess.

4. Discussion

This paper is an attempt to discuss fairly generally the tech-
niques of applying statistical mechanics to the problem of species
abundance distributions. I have considered the case where birth
and death of individuals dominates the dynamics of a community
and the opposite extremewhere the distribution of niche space de-
termines species abundance. The two may not be distinguishable,
particularly as the time scale for change of niche space approaches
that of individual birth and death. Technically, my approach has
been to find the weight function appropriate to the biological na-
ture of the machinery underlying community dynamics, and max-
imise that function subject to constraints on the total number of
individuals and the number of species. I found the weight func-
tion appropriate to individual dynamics in several different ways.
I claim that there can be no doubt that under these dynamics the
correctweight function incorporates the 1/n prior ofMaxEnt. I em-
phasised that the recipes of what is called MaxEnt need to be ap-
proached very carefully and suspiciously; in one of my approaches
the prior emerged a posteriori and in the section above are ways of
obtaining two different ‘minimally informative’ priors for the same
problem. They cannot both be correct. Section 2 formulated the
species abundance problem in two ways that yielded the same an-
swer, but have different priors.

If species abundance distributions instead reflect rigid and
specific apportionments of resource, the correct approach in the
application of statistical mechanics is less clear. We have no
treatment to offer as simple and clear cut as that of Section 2.6.
It is merely plausible that such niche abundance distributions
(hence species abundance distributions) would be represented
approximately by a left skewed lognormal form. This canbe argued
on the basis ofmultiplicative processes producing the composition
of the final community (the sequentially broken stick of Bulmer,
1974). A separate possibility, admittedly speculative, is that niche
space is divided up dynamically and niches add or lose small pieces
of niche space at rates proportional to the space already there. This
speculative notion leads to a scale invariant prior for niche space
and hence log series species abundance distributions; very minor
modifications generate skewed log normals (Volkov et al., 2005,
Pueyo et al., 2007). The general argument of Section 2.6 is then
resurrected. (If, however, niches add or lose small pieces of niche
space independently of the space already present, exponential
species abundance distributions would be generated. Something
of this kind seems to be going on in the very different ecological
problem of the distribution of species over the number of sites at
which they are alien Kelly et al., 2011.)

Thus I have reinforced and extended the conclusion of Bowler
and Kelly (2012); that the natural minimal form of species
abundance distributions is log series (see also Volkov et al., 2003,
2005; Pueyo, 2006, Pueyo et al., 2007). I envisage rigid and
slowly changing niches as dominated by largely abiotic factors and
likely to contain whole guilds rather than differentiating among
individual species within a guild. Niche structure within a guild
is likely to be on a smaller scale, change faster and contain a
strong biotic component. Working down the phylogenetic tree
(or ecological dendrogram) I expect niche structure to have an
increasing biotic component and such niches to be increasingly
less exclusive. If niches are flexible in this sense (as postulated
in Bowler and Kelly, 2012; see also the data and analysis in Clark
et al., 2010) then in the words of Koch (1974b) ‘‘the niche concept
must be redefined in a broader way’’. The species abundance
distributionswill become increasingly dominated by the dynamics
of the birth and death of individuals and the effects of niche
structure on species abundance distributions likely average out
(Pueyo et al., 2007; Bowler and Kelly, 2012). The demonstration
(Koch, 1974a,b; Armstrong and McGehee, 1980) that an unlimited
number of species can in principle coexist on very few resources,
if population densities of individual species fluctuate with time,
is surely relevant. Such oscillations could be generated either
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internally (biotically) or by externally imposed environmental
fluctuations.

The extreme limit of niche averaging is Hubbell’s neutrality.
There is little doubt that this provides a good description of species
abundance distributions as a result of averaging and that the
success of the log series distribution also depends on averaging
(Bowler and Kelly, 2012).Within guilds there exist correlations be-
tween populations of similar species (Sugihara et al., 2003, related
to the structure of ecological dendrograms, Kelly et al., 2008, 2010,
related to the structure of phylogenetic trees) that could well be
indicative of niche structure and probably are. John et al. (2007)
report correlations between the distribution of species and the dis-
tribution of soil nutrients at three different tropical forest sites. The
correlations in Kelly et al. (2008), Kelly et al. (2010) and John et al.
(2007) result in no signatures legible in the species abundance dis-
tributions of those communities. The question as to what extent
species abundances are the products of population drift on the one
hand and niche structure on the other is unanswered, but the de-
fault distribution is log series and the log series distribution is de-
termined only by the number of individuals and the number of
species. (The same is true of any two parameter distribution func-
tion, such as the canonical log normal.) If there is information in
species abundance distributions it must be looked for in depar-
tures from the log series, although such departures may not give
a clear signal of underlying processes—see Volkov et al. (2005) and
the subsequent exchange in Nature 441 (4 May 2006). Questions
about the contribution and nature of niches are not likely to be an-
swered through the coarse grained species abundance distribution
and since the essential input is the number of species and number
of individuals, no model of species abundance distributions alone
addresses the enormous question of species richness. With few
exceptions, species abundance distributions tell us nothing about
species and their interactions; here I differ from the conclusions
of McGill et al. (2007). The 1/n factor that sets the scale for the
log normal distribution and turns an exponential into a log series
largely determines the dominant feature of species abundance dis-
tributions (the ‘hollow curve’ of McGill et al., 2007), generated by
per capita birth and death rates if niches are flexible and hypothet-
ically via fractional variations in niche space in the event of niches
mostly full. Biological machinery is responsible for the 1/n prior of
Eq. (2) and so for the ‘hollow curve’. In the former case themachin-
ery of per capita rates is familiar and not invented to explain species
abundance distributions. Treatments involving niche space involve
postulates devised to generate approximate log normals. The com-
mon key factor is that population sorting processes are fractional;
this is the biological principle underlying species abundance distri-
butions. Insofar as species abundance distributions contain further
biological information, itmust be looked for in departures from the
underlying log series or, where appropriate (perhaps communities
of fish or of plankton), in change of the distributions over time.

No model of species abundance distributions predicts the
number of species to be found in a guild; given that the gross
structure of species abundance distributions is understood, the real
question is the origins of species richness.
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